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Prefix Normal Words

-
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Prefix Normal Words

binary words
no factor has more 1s than the prefix of the same length

Fici, Liptdk, “On prefix normal words”. DLT [2011]

J

L 3 ] L 4 [}
w=1101000110110 not prefix normal
e

There is a factor of length 5 with >3 1s.
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Prefix Normal Words

4 )
Prefix Normal Words

binary words

no factor has more 1s than the prefix of the same length
Fici, Liptdk, “On prefix normal words”. DLT [2011]

g
#1s e .
w=1101000110110 not prefix normal
length & 5

u= 1101000100110  prefix normal

Is there a factor of length 1 with >1 1s? no
Is there a factor of length 2 with >2 1s? no
Is there a factor of length 3 with >2 1s? no

Is there a factor of Ier;gth 7 with >3 1s? no
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Set of prefix normal words

L : set of all finite prefix normal words

L, : set of all prefix normal words of length n

" 000 110\\ //,00000 1100;\\
100 - 10000 11010
101 } 10001 11011
10010 11100
"0000 1100 10100 11101
1000 1101 10101 11110
1001 1110 11000 11111

1010 1111 \_
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Basic Facts
Letw € £ . Then 4

L: set of all finite prefix
normal words

L,,: set of all finite prefix
normal words of length n

w0 e L \_ )

#1s _ k) - m=<k
’_. ...- L] " ..... . LI ) .
W= WiWy =" WiWjiq1 = Wn—j+1 Wno:

length Q"’) j+1

wl € Lifandonlyifforall 1 <j < n, we have

|W1 '“Wj+1|1 > |Wn—j+1 "'Wn|1

All prefixes of w are in L

. k - >k
rm_- : p )
WIS WiWp s WiWjgq =" Wn_jyq wp1
j+1 ' j+1 '
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A new generation algorithm

'Generation algorithm 1
_i.e., an algorithm for visiting each object in £,, )
"Previous generation algorithm A

* Runsin amortized O(n) time per word

» Conjectured run in amortized O(logn) time per word, but still

open

\_ Burcsi, Fici, Liptdk, Ruskey, Sawada, CPM [2014] /
/New generation algorithm Bubble-Flip \

* Runsin O(n) time per word
* Gives new insights into properties of prefix normal words
* Makes steps towards answering conjecture from CPM [2014]

\ Cicalese, Liptdk, Rossi, LATA [2019

CICALESE, LIPTAK, ROSSI : BUBBLE-FLIP — A NEW GENERATION

di VERONA

Dipartimento
di INFORMATICA

ALGORITHM FOR PREFIX NORMAL WORDS



The Bubble-Flip Algorithm
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Basic Idea

Generation algorithm visits each object in £,, exactly once

r

Based on two operations bubble(w) and flip(w, (p(w))

.

Recursive generation algorithm

Starting from

w=110""2

L£,\{0", 10" 1}

Recurse Recurse We visit each objectin L,
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Operation bubble(w)

bubble(w): move rightmost 1 by one to the right

bubble(w)

w=1101000100110000 >1101000100101000

[Let w € L,,. Then bubble(w) € L, ]
, k o m<k " Rightmost one
W= WiWyp W) Wyp_j_1Wy_j = Wyp_1 1000000
j I j |
bubble(w)

k , . <m<k

W= WiWy - W Wyl jo Wy j - Wy 0100000
J J
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Operation flip(w, <p(w))

Phi ¢@(w): Minimum position j after the rightmost 1 such that
flip(w,j) is prefix normal (if such a j exists)

Rightmost one r lin( +1)
w =1101000100110000 LPW:T+ 1) 4951000100111000

w =1101000100110000 2P+ 2) 1961000700110700
w =1101000100110000 . 1101000100110010

flip(w,r + 3)

ow)=1r+3

[Let W € £n- Then flip(W, (P(W)) € £n (by definition of <p(W))]
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Bubble-Flip algorithm

/ Recursive generation algorithm\

weEL,
Wy,
> o, (i)
w' eL, w' e L, 11000
Recurse Recurse M
\4 >/ 0
\ \2
10100 11100
e <% o %
! v
10010 10101 11010 11110
‘0&0\0\% W '3‘0‘0\@ ,%6
AY) AN
10001 11001 11011 11101 11111

In-order traversal

00000

10000
10001
10010
10100
10101
11000
11001
11010
11011
11100
11101
11110

11117 )
EE—

The in-order traversal visits the objects in lexicographic order

The post-order traversal generates a Gray code
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Computation of @

Phi ¢@(w): Minimum position j after the rightmost 1 such that
flip(w,j) is prefix normal (if such a j exists)

e Easy in quadratic time
* Can be computed in linear time:

, m o m+ 1
W' =wiwy W0 0wy jpq o w0 OXOOOOOO
. e j —
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Analysis of Bubble-Flip algorithm

@

v
11000
‘oubb\e & 0
V v
10100 11700
W %, /{&‘/IX (5
}010 10101 }01< 711<
10001 11001 11011 11101 11111
(Computation cost (without outputting) per word: h
* bubble(w): 0(1)
* pw): O(n)
- flip(w,ew): 0(1) D

\
c‘J
</
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Infinite prefix normal words
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Infinite prefix normal words and operation flipext

([ e s . )
Infinite Prefix Normal Words
infinite binary words
. no factor has more 1s than the prefix of the same length D

Let w € L. Then w0? is an infinite prefix normal word

extension version of f lip(w, <p(W))\

[Operation flipext(w)
Let w € L. flipext(w) is the finite word w0*1, where

k = min{j | w0/1 € L}.

The infinite word v = flipext®(w) = l_li_)rr(}o flipext® (w)

\_

: (1)
w=110100010011 —Z2“Pe*t"(W) . 110100010011001

110100010011001001001100100100110010010011001001
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Minimum density

Letw € {0,1}* U {0,1}* . Then

Density h (Minimum density h
Doy < Wi wil pw) = inf(DOI1 < i}
- l J Y
-
lota (minimum density prefix)
. ((w) =min{j | Vi:D(j ) < D(i)} ifitexists
. k(w) =4 .
w=1101000100011 p(v) =3
=10 10101010+ 1(v) = 2
Minimum density p(u) = %
p(w) = % K110101010--- t(u) is undefined
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Results on infinite words generated by flipext® (w)

Letw € Land v = flipext®(w). Then
( )

p(v) = p(w), and as consequence t(v) = t(w) and k(v) = k(w)
L y
r N

v is the densest prefix normal word with w as prefix
.

.

(vis ultimately periodic. In particular,

* vcanbewrittenasv = ux®

where |x| = t((w), |x|; = k(w) and x is prefix normal.
Moreover if x not a suffix of u

. IuIS((,‘C) —1)mt
where 1 = «(w), k = k(w) and m = lill
N ! y
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Open problems - Generation algorithm
4 )
e sublinear time per word?
e Can we find ¢ (flip(w, (p(w))) in sublinear time?
* We can find go(bubble(w)) in 0(1)

How many nodes Recursive generation algorlth\
are there? w € £{
. \fb 40@

/How many prefix \\ & 2,%
normal wo_rds of. wer e L
length n with a given ,\k
prefix are there?

\ Recurse Recurse /

\ TCS [2017y
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Open problems — Infinite Words

4 )

* Given w we can generate flipext®(w) = ux® :
 WecanfindxinO (|W| - |uxm+1|1) where m = |-

«w)

e Can we find x faster? i.e.: O(|lw])

\ We have reasons to belive that this is possible )

/° There exist infinite prefix normal words for all \
p(v) € R:
* v is ultimately periodic then p(v) is rational
* p(v) isirrational then v is aperiodic
* Are there any other periodicity properties?
\° Are there any other properties about infinite words?/
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THANK YOU!
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lota-factorization

g

\_

ota-factorization of w
Is the factorization of w into t-length factors.

~

W = UglUy - UpV and wherer = [|w|/{], |u;| =tfori=1,..,r,
and |v| <,  forw finite,
W = UqUy - and where |u;| = tforalli, forw infinitej

t(w) =10 t(w) t(w) t(w) t(w)

1101000100]1100100100{11001001od110010010(1110010010@

k(w) =4 k(w) k(w) k(w) k(w)

Let w = uqu, -+ be the lota-factorization of w. Then forall i, u; >;., u;1.

[Let w be a finite or infinite prefix normal word, such that ¢t = ((w) exists. ]

\
c‘J
</
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lota-factorization properties

Let w be a finite or infinite prefix normal word, such that t = ((w) exists.
Let w = uqu, -+ be the lota-factorization of w. Then forall i, u; >;., u;;1.

<K

W = cee Ialaz .o ajaj+1 cee allblbz ceo b]b]+1 .o btl...

1
Uu; Ujtq

Leth = min{j ||a;;, --- a,by b, -~ bj|; < K} then it holds that a;, > by,

Since two consecutive factors have the same prefix, the first
difference must be a 1 that turns into a 0. Then u; =oy Ujt1-
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